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Abstract. We develop the basics of a theory of almost isometries for spaces 
endowed with a quasi-metric. The case of non-reversible Finsler (more specifi- 
cally, Randers) metrics is of particular interest, and it is studied in more detail. 
The main motivation arises from General Relativity, and more specifically in 
spacetimes endowed with a timelike conformal field K , in which case confor- 
mal diffeomorphisms correspond to almost isometries of the Fermat metrics 
defined in the spatial part. A series of results on the topology and the Lie 
group structure of conformal maps are discussed. 



1. Introduction 

A quasi-metric is just a metric (in the context of metric spaces) without the 
restriction of symmetry. In the last years, an increasing interest in quasi-metrics 
has risen [3, 12, 13, 26, 30, 32, 37, 39]. This interest can be justified by the amount 
of applications, since non-reversibility is present in many situations. 

The first systematic study of quasi-metrics was carried out by W. A. Wilson 
in [42]. Later, also H. Buscmann developed some results on metrics without the 
restriction of symmetry [6], but with the additional condition that forward and 
backward balls generate the same topology (see Remark 2.2). Most of the results 
by H. Busemann were developed for (symmetric) metric spaces and it was E. M. 
Zaustinsky who extended some of them to quasi-metric spaces [43] . 

Our main goal is to study the automorphisms of a quasi-metric space (X, d) that 
preserve what we call the triangular function, namely, the quantity T(x, y, z) = 
d(x, y) + d{y, z) — d(x, z). This quantity measures how far the points x, y, z are from 
achieving the equality in the triangle inequality. Maps that preserve the triangular 
function will be called almost isometries and it is an immediate consequence of the 
very definition that such maps preserve minimizing geodesies (see Corollary 2.7). 
It is easy to see that when symmetry holds, almost isometries are in fact isometries. 
Therefore, this notion is relevant only in the non-symmetric context. 
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One of the fundamental examples of quasi-metrics is given by the distance asso- 
ciated to a non-reversible Finsler metric. As in the case of isometries, the almost 
isometries can be described in terms of the pullback of the Finsler metric. More 
precisely, they are the maps that preserve the Finsler metric up to an exact one- 
form, namely, the pullback of a Finsler metric is the sum of the same Finsler metric 
and the differential of a smooth function. One of the simplest examples of non- 
reversible Finsler metrics are Randers metrics, which are defined as the sum of the 
square root of a Riemannian metric and a one-form having norm less than one at 
every point. Recently, a relation between Randers metrics and standard stationary 
spacetimes has been explored [4, 7, 8, 9, 10, 11, 16, 19, 21, 22]. The core of this 
relation lies in the fact that, as a consequence of the Fermat principle, lightlikc 
geodesies project up to parametrization into geodesies of a Randers metric that we 
call Fermat metric. Then, studying existence and multiplicity of lightlike geodesies 
between an event and a vertical line is equivalent to studying existence and mul- 
tiplicity of geodesies of the Fermat metric [4, 8, 9, 10]. Moreover, causality of the 
stationary spacetime can be characterized in terms of completeness properties of 
the Fermat metric [11] and its causal boundary can be described in terms of the 
topological boundary of the Fermat metric [19]. Giving continuity to the fruitful 
interplay between Randers metrics and stationary spacetimes, we will explore this 
relation in the level of transformation groups. In fact, we will relate the conformal 
maps of the conformastationary spacetime that preserve the timelike Killing vector 
field with the almost isometries of the Fermat metric obtaining, as a consequence 
of this interplay, results of genericity and compactness for the isT-conformal group. 
This relation was the departing point and the inspiration to get to the concept of 
almost isometry. 

Let us describe in detail the results of this paper. In Section 2, we introduce the 
notions of triangular function of a quasi-metric and almost isometry (Definition 2.6), 
the latter being a map that preserves the triangular function. Then we show in 
Proposition 2.8 that the definition of almost isometry ip of (X, d) is equivalent to 
the existence of a real function / : X — > R such that 

d(<p(x), <p(y)) = d(x, y) + f(<p{y)) - f(<p(x)) 

for every x, y € X. Moreover, we show that tp is always a homeomorphism and / 
is continuous (Lemma 2.10). Finally we show that the extended isometry group 
Iso(X, d), made up by the almost isometries of (X, d), is contained in the isometry 
group of the symmetrized metric in (1) and it is a topological group (Proposi- 
tion 2.11). In Subsection 2.1, we study local almost isometries and we conclude in 
Theorem 2.14 that a local almost isometry between two length spaces with weakly 
finitely compact domain and simply connected codomain must be a global almost 
isometry. A counterexample to this result in the case that the quasi-metric spaces 
are not length spaces is provided in Remark 2.15. 

In Section 3 we prove that an almost isometry of a Finsler manifold is an isom- 
etry of the symmetrized Finsler metric in (7) and then it is smooth (Lemma 3.1). 
Moreover, the function / : M It of Proposition 2.8 is smooth and tp is an almost 
isometry for F if and only if <p*(F) = F — df (Proposition 3.2). Finally, the ex- 
tended isometry group of (S,F), denoted by lso(S,F), is a closed subgroup of the 
isometry group of the symmetrized Finsler metric F, which is a Lie group (see for 
instance [15]) and then Iso(S', F) is also a Lie group (Proposition 3.3). 
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In Section 4 we first introduce Jsf-conformastationary decompositions (M = 
S x R, g K ) of conformastationary spacetimes endowed with a complete timelike 
conformal field K in (13) and the Fermat metric F K associated to them (14). In 
Theorem 4.3 we show that a conformal map ip : {M, g) — ¥ (M, g) determines an 
almost isometry ip : (S,F K ) — > (S, F w ) of the Fermat metrics F K and F w as- 
sociated to one of the conformastationary decompositions determined respectively 
by K and W = ip*{K). In particular ip is given by the spatial component of the 
conformal map ip. Then we define a iC-conformal map as a map that is conformal 
and preserve the timelike conformal vector field K. In Proposition 4.7 we show that 
an almost isometry determines a i^-conformal map up to a composition with an el- 
ement of the closed subgroup generated by K, which will be denoted by K.. Indeed, 
there is a Lie group homomorphism between the A-conformal maps quotiented by 
JC and the extended isometry group. Furthermore, in Corollaries 4.8 and 4.10, we 
use the former Lie group homomorphism to obtain a genericity result for standard 
stationary spacetimes with discrete if-conformal group and the compactness of the 
i^-conformal group. 

In the last subsection of Section 4, we obtain some consequences for the conformal 
group Conf (M, g). In particular in Corollary 4.13 we give a characterization of the 
compactness of Conf(M, g)/lC. Finally in Theorem 4.14 we collect the one-to-one 
relation between conformal maps and almost isometries of the Fermat metrics up 
to composition with elements of K,. 

2. QUASI-METRICS AND ALMOST ISOMETRIES 

Let us first of all introduce the concept of a quasi- metric (see [42]). 

Definition 2.1. Given a set A, we say that a function d : X x X ^ R is & 
quasi-metric if 

(i) d(x, y) > for every x, y € X and d(x, y) — if and only if x = y, 

(ii) d(x, y) + d{y, z) > d{x, z) (triangle inequality). 

As a consequence of the lack of symmetry, there are two kinds of balls, namely, 
forward and backward balls, defined by B'f(x,r) = {y G X : d(x,y) < r} and 
Bj(x,r) = {y € X : d(y,x) < r} respectively, for x € X and r > 0. Both 
families generate two topologies that we will call respectively forward and backward 
topologies. 

A pair (A, d), where d is a quasi-metric on the set A, will be called a quasi-metric 
space and it will always be assumed to be endowed with the topology induced by 
the family B~^{x,r) f~l B7(x ) r) ) x € M and r > 0, which is finer than the forward 
and the backward topologies. Let us observe that this topology coincides with the 
topology generated by (the balls of) the symmetrized metric 

d(x, y) = \{d{x, y) + d(y, x)) . (1) 

In fact, given {x n } n ^TM in A, x n — > x in (X,d) if and only if liirin-^oo d(x n , x) — 
lim^^oo d(x, x n ) = 0. For that reason we will refer to this topology as "the sym- 
metric topology" associated to the quasi-metric. 

Remark 2.2. Let us observe that the notion of general metric space given in [6, 
Section 1] and [43, page 5]) is a particular case of quasi-metric space. Indeed, a 
general metric space is a quasi-metric space satisfying the condition 
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(GMS) Given a sequence {i n }nei C X and x G X, then lim„^oo d{x n , x) = if 
and only if lim n _ i . 0O d(x, x n ) = 0. 

This condition is equivalent to the fact that the forward and backward topologies 
coincide with the topology of (X, d). Moreover, following [31], the terminology 
"quasi-metric space" is usually used for a space having a quasi-metric, but endowed 
with the forward topology, whereas "asymmetric metric space" is used for a quasi- 
metric space endowed with the "symmetric topology" . Let us point out that we will 
also assume that quasi-metric space be endowed with the symmetric topology but 
we will prefer to use "quasi-metric space" rather than "asymmetric metric space" . 

In a quasi-metric space we can define the length of a continuous curve a : [a, b] C 

r 

£(a) = sup y^d(a(si),a(s i+ i)), (2) 

where V is the set of partitions a = s± < S2 < ■ ■ ■ < Sr+i = b, r € M. We 
say that a is rectifiable when £(a) is finite. Moreover, we say that a curve 7 
in X from p to q is a minimizing geodesic if £(7) = d(p,q). Let us define the 
triangular function T : X x X x X — > [0, +00 [ of a quasi-metric space (X, d) 
as T(x,y,z) — d{x,y) + d{y,z) — d{x,z) for every x,y,z e X. Evidently, T is 
continuous. 

Proposition 2.3. A curve a : [a, b] C R — > X is a minimizing geodesic of a quasi- 
metric space (X,d) if and only if T(a(si), a(s2), a(s3)) = for every a < si < 
S2 < S3 < b. 

Proof. First observe that the triangle inequality implies that if a is a minimizing 
geodesic, any restriction o: | j - ^ is also a minimizing geodesic. With this observa- 
tion, one proves easily that for a minimal geodesic a : [a, b] — > X, the quantity 
T(a(si), a{s2), 0^(53)) vanishes for every a < si < S2 < S3 < b. 

The converse follows from the definition of minimizing geodesic, since, in this 
case, we get easily that 

r 

}^d(a(si),a(si + i)) = d(a(a),a(b)) 
1=1 

for any partition a = si < S2 < . . . < b — s r +i, r E IN. □ 

Definition 2.4. We say that a quasi-metric space (X, d) is finitely compact if 
B~f(x, r) U BJ(x,r) is precompact for every x € X and every r > and weakly 
finitely compact if Bf(x, r) n Bj(x,r) is precompact for every x £ X and every 
r > 0. 

A sequence {x n }ne¥> m X is said to be a Cauchy sequence of (X, d) if for every 
e > there exists N E IN such that d(x n ,x m ) < e for every n,m > N. Moreover, 
we say that it is a forward (resp. backward) Cauchy sequence of (X, d) if for every 
e > there exists N e IN such that d(x n ,x m ) < e for every N < n < m (resp. 
N < m < n). We say that a quasi- metric space is (forward, backward) complete if 
all the (forward, backward) Cauchy sequences converge. We will say that a quasi- 
metric space is complete when all the Cauchy sequences converge. Let us point out 
that this definition is different from the one usually used in Finsler metrics, where 
complete means forward and backward complete. With our definition, complete is 
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weaker than forward or backward complete. Let us recall in the following lemma 
several facts regarding completeness. 

Lemma 2.5. Consider a quasi-metric space (X,d): 

(i) If(X,d) is finitely compact, then it is weakly finitely compact. 

(ii) If(X,d) is finitely compact, then it is forward and backward complete. 
(Hi) If(X,d) is weakly finitely compact, then it is complete. 

(iv) (X,d) is complete if and only if {X,d) (see is complete. 

Given quasi-metric spaces (Xj, d,-), i = 1, 2, a bijection ip : X\ — > X2 is said to be 
an isometry if d 2 (<p{x), pin)) = di(x, y) for all x,y G X\. Evidently, an isometry is 
a homeomorphism when Xj is endowed with the topology induced by di, i = 1,2. 
Given a quasi- metric space (X, d), the group of isometries <p : X — > X will be 
denoted by Iso( X, d) ; this group will be endowed with the compact-open topology, 
and we will show below that such topology makes Iso(X, d) a topological group. 

We will be interested in a more general class of transformations of quasi-metric 
spaces defined as follows. 

Definition 2.6. Let (Xi,d\) and (^2,^2) be two quasi-metric spaces. A bijection 
p : X\ —> X2 is an almost isometry if it preserves the triangular function, that is, 

T 2 ((p{x),ip(y),ip(z)) = T t {x,y,z) 

for every x,y,z € X\, where T± and T2 are the triangular functions associated 
respectively to (Xi,di) and (X^jdz). 

Corollary 2.7. Almost isometries preserve minimizing geodesies. 

Proof. A straightforward consequence of Proposition 2.3. □ 

Proposition 2.8. Given quasi-metric spaces {X\,di) and [X2,d 2 ), a bijection 
(p : X\ — > X2 is an almost isometry if and only if there exists a real function f on 
X2 such that 

Mv( x )Mv))=di(x,y)+f(<p(y))-f(<p(x)) (3) 
for every x, y £ X\. 

Proof. Assume that tp : X\ — > X2 is an almost isometry. Fix a point xo € X\ and 
define / : X 2 — > K. as f(z) = di(p^ 1 (z), xq) — ^2(2, f(xoj) for every z 6 X 2 . Given 
x,y € X\, as ip preserves the triangular function, we have 

di(x, y) + di{y, x ) - d x {x, x Q ) = d 2 (ip(x), (p(y)) + d 2 (<p(y), <p(x )) - d 2 ((p(x),tp(x )), 
which is equivalent to (3). The converse is a straightforward computation. □ 

Observe that if the quasi-metrics d\ and tfe are symmetric, then the function / 
has to be constant and tp must be an isometry. 

Corollary 2.9. Given metric spaces (X\, d\) and {X2, ^2); 0, bijection p : X± — > X2 
is an isometry if and only if it preserves the triangular function. 

Let us remark that the function / of Proposition 2.8 is determined up to a 
constant, that is, if / satisfies (3), all the functions satisfying (3) are the functions 
/ + c with c £ R. 

Lemma 2.10. If ip : X\ — > X2 is an almost isometry, then tp is a homeomorphism 
when X\ and X2 are endowed with the topologies induced by d\ and c?2 respectively. 
Moreover, any function f : X2 — > H for which (3) holds is continuous. 
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Proof. An almost isometry ip : X% — > X2 is an isometry of (symmetric) metric 
spaces, when X\ and X2 are endowed with the symmetrized quasi-metrics d\ and 
0I2 respectively (see (1) and Proposition 2.8). Thus, ip is a homeomorphism in the 
topologies induced by di and c?2 , which coincide with the topologies induced by the 
quasi-metrics d\ and di (see again (1)). This proves the first statement. Since ip 
is a homeomorphism, the continuity of / follows now from the continuity of the 
quasi-metrics d\ and c?2- D 

Let us observe that composition provides a structure of group for the subset of 
almost isometries. Given quasi-metric spaces (Xj,dj), i = 1,2,3, and two almost 
isometries cp% : X\ — > X2 and ip2 '■ X2 —> A3, the composition (p% o ip 1 : X\ — > A3 
is also an almost isometry. Moreover, the inverse of an almost isometry is also 
an almost isometry. In particular, the set of almost isometries p : X — > X of a 
quasi- metric space (X, d), denoted by Iso(X, d), is a group with the operation of 
composition; it will be called the extended isometry group of (X, d) . 

Proposition 2.11. With the above notation, Iso(X, d) andlso(X,d) are topological 
groups endowed with the compact- open topology. If the topology induced by d is 
locally compact, then Iso(X, d) and Iso(A, d) are locally compact. 

Proof. Consider the metric d on X defined in (1). As the topology induced by this 
metric coincides with the one induced by d, in particular, (X, d) is locally compact 
if and only if (X,d) is locally compact. Furthermore, an almost isometry for d is 
an isometry for d. Hence 

Isopf, d) C Jso(X, d) C lso(X, d). (4) 

Applying a classical result (see for instance [35, Proposition 5.2.1]) to the metric 
space (X, d), we deduce that Iso(X, d) endowed with the compact-open topology is 
a topological group, locally compact when the topology of (X, d) is locally compact. 
Then, by the inclusion (4), Iso(X, d) and Iso(X, d) are also topological groups with 
the compact-open topology. Note that Iso(X, d) and Iso(X, d) are closed with 
respect to the compact-open topology 1 , which implies that they inherit the local 
compactness from Iso(X, d). □ 

2.1. Local almost isometries. The goal of this section is to find conditions im- 
plying that a map that is locally an almost isometry is in fact a global almost 
isometry. 

Definition 2.12. Let (Xi,di) and (A^cfe) be two quasi-metric spaces. We say 
that a map ip : X\ — > X2 is a local almost isometry if for every x G X\ , there exist 
U C Xi, V C X2 open subsets, with x € U, such that ip\u : U — > V is an almost 
isometry. 

Let us fix a local almost isometry p : X\ — > X2 throughout, and let us introduce 
some terminology. Assume that V is an open subset of X2, that U is an open 
subset of X\ which is mapped homeomorphically onto V by (p, and that / : V — > R 
is a function such that (3) holds for all x, y G U that are sufficiently close to each 



In fact, pointwise limits of almost isometries is an almost isometry by the continuity of the 
triangular function. 
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other. 2 We then say that (/, U, V) is a p-system, or shortly, that / is a ip-map with 
domain V (the role played by U is not so relevant). 
We list a few important properties of ^-systems: 

(PI) If / is a (/3-map, then / + c is a 95-map (with the same domain as /) for all 
constant c G R. 

(P2) If / is a yj-map with domain V, and V C V is open, then /|y is a tp-map 
with domain V. 

(P3) Given two i/j-maps /, : Vj R, i = 1, 2, if p G Pi n V 2 and f x (p) = / 2 (p), 
then /1 and / 2 coincide in the connected component of V\ (1 V 2 that contains 
P- 

(P4) The property of being a (/J-map is /ocaZ, i.e., if V is covered by a family 
of open subsets V a , a £ A, and / : —> R is a function such that the 
restriction f\y a is a (^-map with domain V a for all a G A, then / is a 
p-map with domain V. 

Note that property (P4) would not hold if we required that equality (3) should hold 

for all x and y in the domain of a <^-map, see footnote 2. 

Lemma 2.13. Assume that (p : X\ — > X2 is a homeomorphism which is a local 
almost isometry and X2 (or equivalently X\) is connected, locally arc-connected and 
simply connected. Then there exists a ip-map f whose domain is the whole X2. 

Proof. This is a special case of a globalization theory for sheaves, 3 which can be 
found, for instance, in [36, Appendix B]; for the reader's convenience, we will provide 
a short proof here. 

Consider in the set X2 x R the topology that has as a basis of open sets the graphs 
of yj-maps. This is not the product topology, and it is locally arc-connected, because 
so is every open subset of X2 . With this topology, the projection ir : X2 x R — s- X2 
is a covering map. Namely, any open set V of X2 which is the domain of a tp- 
map / : V — > R is a fundamental open set; in fact, the inverse image 7r _1 (^) is 
the disjoint union of the graphs of the t^-maps / + c, with c G R constant (by 
properties (PI) and (P3)), and each one of such open subsets of X 2 x R is mapped 
homeomorphically onto V (by property (P2)). Moreover, the set of domains of 
(p-maps is an open covering of X2, because <p is a local almost isometry. 

Since X2 is simply connected, then the restriction of tt to an arc-connected 
component of X2 x R, which is open because X2 x R is locally arc-connected, is a 
homeomorphism onto X 2 . The inverse of such a homeomorphism is the graph of 
a function / : X2 — > R which is locally a p-map; hence, by property (P4), / is a 
tp-map with domain X 2 . This concludes the proof. □ 

Recall that given (X, d), we can define an associated distance (which is not always 
a metric) d\ given by the infimum of the lengths of curves between two points (the 
length computed as in (2)). We say that (X,d) is a length space when di = d. 

2 This means that the set Ajj = { (x, y) 6 U X U : (3) holds} contains a neighborhood of the 
diagonal of U X U. Observe that this does not imply that (3) holds for every x,y £ U, because 
the subset Ajj C V X U is not an equivalence relation in U (it is not transitive). 

3 The central idea in the theory developed in [ , Appendix B] is to look at the sheaf of germs 
of <^-maps, and show that the projection onto X2 is a covering map. A substantial simplification 
in the proof discussed in [36] occurs here because, by property (P3), the germ of a </j-map / at 
some point p can be identified with the value of / at p, and, by property (PI), the sheaf of germs 
of <£-maps, as a set, is identified with the product X2 x R (the pair (x, c) £ X2 X E is identified 
with the unique germ of the c/j-map / whose value at x is c). 
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Theorem 2.14. Let tp : (Xi,di) — > (^2,^2) be a local almost isometry. Assume 
that (X\,d\) and (X2,d2) are length spaces, d\ is weakly finitely compact and X2 
is locally arc-connected and simply connected. Then ip is an almost isometry. 

Proof. Since tp is a local almost isometry, tp is a local isometry for the corresponding 
symmetrized quasi-metrics d\ and di (see (1)). Observe that the weak finite com- 
pactness of d\ implies that {X\ ,d\) is complete (see parts (iii) and (iv) of Lemma 
2.5). Moreover, since X2 is simply connected, it is not hard to show that tp is a 
homeomorphism 4 . Let us denote by t\ and I2 the lengths associated to {X\,d\) 
and {X 2 , d 2 ) respectively (see (2)) and let / : X 2 — > R be the function obtained in 
Lemma 2.13. Given two arbitrary points x, y £ X\ and a curve a : [a, b] C R — > X\ 
from x to y, it follows from the definition of length in (2) and the fact that tp is a 
local almost isometry that 

l 2 (<p o a) = h(a) + f{tp{y)) - f(tp(x)) . 

As (Xi,di) and {X2,d 2 ) are length spaces, we deduce that 

d 2 (tp(x),tp(y)) = di(x,y) + f(<p{y)) - f(<p(xj). 

Finally, Proposition 2.8 concludes that ip is an almost isometry. □ 

Remark 2.15. Observe that when (X 1: di) or (X 2 ,d2) are not length spaces, then 
a local almost isometry need not be an almost isometry. For example, if we consider 
X\ = X 2 — R, d\ the usual metric and 



d 2 (x,y) 




if |a:-tf| < 1, 
otherwise. 



Then the identity is a local isometry from (Xi,di) to (X2,d 2 ) but not a global 
isometry. 



3. Almost isometries and Finsler metrics 

A very important class of quasi-metrics comes from non-reversible Finsler met- 
rics. In fact, we can define a more general class of metrics as follows. Let M 
be a manifold and ir : TM — > M the natural projection from the tangent bundle 
to the manifold. A (continuous) pseudo- Finsler metric is a continuous function 
F : TM -> [0, +00) such that 

(1) it is fiberwise positively homogeneous of degree one, i.e., F(Xv) = XF(v) 
for every v £ TM and A > 

(2) F(v) = if and only if v = 0. 



Note that it is not proven, in general, that a local isometry between complete length spaces 
is a covering map. Typically, in order to prove that a local isometry is a covering map one 
needs an extra assumption on the local uniqueness and continuous dependence on the endpoints 
for geodesies, see for instance [5, § 3.4], Here, in order to prove the statement, one uses the 
fact that a local isometry from a complete metric space to another metric space has the unique 
lift property for paths. Moreover, any local homeomorphism from a path connected topological 
space to a simply connected topological space that has the unique lift property for paths is a 
homeomorphism. 
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We say that a pseudo-Finsler metric is smooth when F is C°° in TM \ 0, i.e., it 
is smooth away from the zero section. In this case, we can define the fundamental 
tensor g u as 

d 2 

gu{v,w)=—— F 2 (u + tv + sw), (5) 

osor t=s=0 

where u £ TM\0 and v, w £ T^^M. In the following we will assume that a pseudo- 
Finsler metric is smooth unless we specify explicitly that it is only continuous. 
Finally we define a Finsler metric as a pseudo-Finsler metric with fiberwise strongly 
convex square, i.e., the fundamental tensor g u is positive definite for every u £ 
TM \ 0. 

In particular, if F is a Finsler metric, F 2 is C 1 (in fact it is C 2 if and only if it 
comes from a Riemannian metric [41]) and F satisfies the triangle inequality (see 
[ , Theorem 1.2.2]). 

One can naturally define the distance for any (continuous) pseudo-Finsler metric 

as 

dF(p,q) = inf £f(i), (6) 

ldC(p,q) 

where C(p,q) is the set of piecewise smooth curves from p to q and ^f(t) is the 
F-length of 7 : [a, b] — > R, namely, 

M7) = / ^(7(«))ds. 

J a 

Observe that the distance associated to a (continuous) pseudo-Finsler metric is a 
quasi- metric. From now on we will use "almost isometry" for maps (p : Mi — > M2, 
such that (p : {Mx,dp x ) — > (M2,dp 2 ) is an almost isometry. 

Let us define an average Riemannian metric associated to every pseudo-Finsler 
metric. Given a point p £ M, let us denote S = {v £ T p M : F(v) = 1}, which is 
usually called the indicatrix of F, and B — {v £ T p M : F(v) < 1}. Now let ft be 
the unique volume form (or density) in T p M such that B has volume one and let 
uj be the volume form in the hypersurface S of T p M that in u £ S is given as 

u(vi,V2,---,Vn) = fi(u,r7i,rfc,...,i7 n ) 
for every 771 , 772, . . . , rj n £ T U S. Then define 

h{v,w) = \ g u (v,w)uj 
Js 

for v,w £ T p M (see [29, Section 2] and also [20]). Observe that if F is a convex 
Finsler metric, namely, a pseudo-Finsler metric satisfying the triangle inequality 
in the fibers, then h is positive. Indeed, F is convex if and only if g u is semi- 
definite positive for every u £ TM \ (see for instance [25, Theorem 2.14]) and 
g u {u,u) = F{u) 2 >0. 

Given a pseudo-Finsler metric F in M, we can define a reversible pseudo-Finsler 
metric F : TM — ¥ R, which we will call the symmetrized pseudo-Finsler metric of 
F, as 

F(v) = ±[F(v)+F(-v)] (7) 

for every v £ TM. Observe that if F is convex (resp. strongly convex), then F is 
also convex (resp. strongly convex), see for instance [25, Corollary 4.3]. 
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Lemma 3.1. Let tp : (Mi,Fi) — > (M2, F2) be an almost isometry of Finsler man- 
ifolds and F\ and F2 the symmetrized Finsler metrics of F\ and F2 respectively. 
Then tp : (Mi, F±) — > (M2, F%) is an isometry and tp is smooth. 

Proof. First observe that given a : [a, b] C R — ► Mi, 

hM = \j (F 1 (a) + F 1 (-a))ds = ±(e Fl (a)+e Fl (a)), (8) 

where d : [a, b] — > M is defined as d(s) = a(a + b — s) for s G [a, b]. Likewise, for 
(5:[a,ii]CR-» M 2 , 

^ 2 (^) = 5^f 2 (/3)+^ 2 (/3)). (9) 
Consider now 7 : [a, b] — > Mi and the set of partitions of [a, 6]: 

7> = {(t , h, ■ ■ ■ , t n ) G R" +1 : a = to < *i < *2 < • ■ • < *n-i <t n = b,ne IN}. 

First observe that the quasi-metric defined by a Finsler metric makes the underlying 
space a length space, and then the length given by (2) coincides with the Finsler 
length. As tp is an almost isometry, by Proposition 2.8, there exists / : M2 — > R, 
such that 

n-i 

£f 2 (v> ° 7) = su p y2 d 2(<p° i(u),<p o 7(t i+ i)) 

V l= 
n-1 

= sup V di(7(ti), 7(^+1)) + /(¥> 7(°)) - /(V 7(a)) 

= If x (7) + /fa ° 7(6)) - /fa ° 7(a))- (10) 

In particular, 

£ F2 (tpoa)= i Fl (a) + f((p o a(b)) - f{ip o a(a)) 

and 

£ F2 ((poa) = ^(d) + /faoa(a)) - f(ipoa(b)). 
The above equations, together with (8) and (9), imply that f^f^o a) — ip^(a) 
and then tp is an isometry between the Finsler manifolds (Mi,Fi) and {Mi^F^)- 
Moreover, it is also an isometry between the average Riemannian metrics of F\ and 
i<2- This implies that tp is smooth (see [33, Theorem 8]). □ 

Given a diffcomorphism cp : Mi — > M2, and a Finsler metric F in Mi, let us 
denote by <p*(F) the Finsler metric in M2 obtained as the push-forward of F by (p. 

Proposition 3.2. Let (M±,Fi) and (M2,i 7 2 ) be two Finsler manifolds. Lf there 
exists an almost isometry tp : (Mi,F±) — > (M 2 ,i ; 2); then there exists a smooth 
f : M2 — > R such that tp*(Fi) — F2 — df. Conversely, if y*(i r i) = F2 — df, the 
map tp is an almost isometry. 

Proof. By Lemma 3.1, tp is smooth. To see that / is smooth, given a point x G M 2 , 
consider neighborhoods U of x and V of y> _1 (a;), where the functions d Fz ( ■ ,x) and 
d Fl (- ,tp^ 1 (x)) are smooth in U \ {x} and V\ {tp~ x {x)} respectively. Then choose 
xq G U n ¥>(V), such that a; ^ x. Therefore 

/(y) = /(»o) - difa^xo),^ -1 ^)) +d 2 (x ,2/) 
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for every y € M and the expression on the right side is smooth for every y S 
U n ip(V) \ {xq} and in particular for x. 

To show the implication to the right, observe that 

tF 2 -df(a)=£ F M+fWa))-f(a(b)), (11) 

where a : [a, b] — > AI2 is a piecewise smooth curve. Then the above equality and 
(10) imply that 

t<p.(.Fi)(<P 7) = ^1(7) = Wv°7) + /(<^°7(a)) - f{f°l{b)) = ^F 2 -d/(<^°7) ; 

for any curve 7 : [a, &] C R — >• Mi. Therefore tp*(Fi) and F2 — d/ coincide. 

The converse follows straightforward from (11). □ 

Proposition 3.3. Let (M,F) be a Finsler manifold. Then the extended isometry 
group Iso(Al,F) is a closed subgroup of!so(M,F), where F is given in (7). In 
particular, Iso(M, F) is a Lie group. 

Proof. Let us show first that Iso(M, F) C Iso(M, F). Let <p be an almost isometry. 
Then by Proposition 3.2 we know that ip is an isometry of (M,F). Moreover, we 
know that Iso(A/, F) is a Lie group since it is a closed subgroup of Iso(M, h), where 
h is the average Riemannian metric of F. The closedness of Iso(M, F) in Iso(M, F) 
follows from the continuity of the triangular function. □ 

Standard examples of non-reversible Finsler metrics are the so-called Randers 
metrics. Precisely, a Randers metric R on a manifold M is a metric defined as 

R{v) = ^h{v,v)+tu{v), (12) 

for v € TM with h a Riemannian metric and w a one-form with /i-norm less than 
one at every point x G M. 

Corollary 3.4. Let (M, R) be a Randers manifold with R as in (12) and ip : M —> 
M an almost isometry for R. Then tp is an isometry for h. 

Proof. Just observe that the symmetrized Finsler metric of R is given by R(v) = 
y/h{v, v) for v € TM. The result follows then from Proposition 3.3. □ 

Remark 3.5. Let us observe that almost isometries of Finsler metrics are pro- 
jective transformations, since they preserve geodesies up to parametrization (see 
Corollary 2.7). In particular, they are related with the class of special projective 
transformation (see [38, Theorem 1]). Moreover, in [28], the author classifies Finsler 
metrics with extended isometry group of dimension greater than Wang's number 
n(n- l)/2+ 1. 

4. CONFORMAL MAPS IN DISTINGUISHING CONFORMASTATIONARY SPACETIMES 

For the basic notions on Lorentzian geometry we refer the reader to [2, 34]. 
Let (M, g) be a distinguishing spacetime. We say that a vector field K in M is 
conformal if Ck9 — for some smooth function A : M —> R, where C is the Lie 
derivative. Let us denote by CTF(M, g) the subset of complete timelike conformal 
vector fields of (M,g), which is a subset of the vector space of conformal fields of 
(M, g), denoted by CF(M, g). Observe that for any K G CTF(M, g), since (M, g) is 
distinguishing, the main theorem in [24] allows one to express (M, g) as a standard 
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conformastationary spacetime with respect to K, namely, a splitting (5 x R, g ) 
such that g K is expressed as 

/(( V ),(v))^ ,f tf(^) + 2/HT-T 2 ), (13) 

for (v, t) £ TS x R, where il K is a positive smooth real function in S x R and 
and ui K are respectively a Riemannian metric and a one-form on S. Here, the 
timelike conformal vector field K is dt (the partial in the second variable). When 
CTF(A/, g) is not empty, we say that (M,g) is conformastationary and given K £ 
CTF(Af, g), (S x R, g K ) is a K -conformastationary decomposition or if-splitting 
for short. Assume that the spacetime (M,g) is time-oriented by K. By a well- 
known Fermat's principle for conformastationary manifolds, (see for instance the 
review [23] and references therein), it turns out that the (future-pointing) lightlikc 
geodesies of the conformastationary spacetime have a natural correspondence with 
the geodesies of a Finsler metric F K of Randers type in S, defined by 

F K {v) = ^gK{v,v)+uj K {vY + u K (v), (14) 

for any v £ TS, which we call the Fermat metric associated to the conformasta- 
tionary metric (13). More precisely, the projections in S of future-pointing lightlikc 
geodesies 

[0, 1] 9 s i — ► (x(s), t(s)) eSxE 

are Randers pregeodesics in (S, F K ), and the length of the Randers geodesic equals 
i(l) — t(0). Moreover, the causality of the conformastationary spacetime can be 
characterized in terms of Hopf-Rinow properties of the Randers metric (see [11, 
Theorem 4.3]). 

Given K £ CTF(M, g), there are several if-conformastationary decompositions 
of (M,g), but all the Fermat metrics of them are in the same class as we show 
below. 

Definition 4.1. Given two Finsler metrics Fi and F2 in a manifold S, we say that 
they are projectively related if there exists a smooth function / : S — > R such that 
F\ = F2 + df. In this case, we will say that they belong to the same class or in 
notation [F-i] = [F 2 \. 

Observe that if F± is a Randers metric, then all the Finsler metrics in the same 
class are also Randers. Let us denote by RC(5) the subset of classes of Randers 
metrics in the manifold S. 

Lemma 4.2. Given K £ CTF(M, g), all the Fermat metrics associated to the 
K-splittings of [M,g) belong to the same class, which will be denoted by i(K). 
Moreover, there is a one-to-one correspondence between K-splittings of (M,g) and 
representatives of the class i{K) £ RC(iS). 

Proof. If we fix a i^-splitting (S x R, g ), then any other i^-splitting is determined 
by a spacelike section of S x R, which always can be expressed as 

S f = {(x, f(x)) £ S x R : x £ S}, 

where / : S —> R is a smooth function. If F K is the Fermat metric associated to 
(S x R, g ), it is easy to see that S* is spacelike if and only if F — df is positive 
definite (see [11, Proposition 5.8]) and in this case the Fermat metric associated to 
the ^-splitting constructed from the slice is F — df. □ 
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Let us observe that if a map ip : (S,Fi) — > (S, F 2 ) is an almost isometry, it 
remains almost isometry when we replace F± or F2 with a Finsler metric in the 
same class. Then the subset 

180(5, [Fi], [F 2 ]) = {<p : (S,Fi) -t (S,F 2 ) : <p is an almost isometry} 

is well-defined. Furthermore, fixing an almost isometry ipo : (S,F\) — > (S, F2), we 
get the identifications Iso(5, [Fx], [F 2 ]) = Iso(5, F\) = Iso(S, F2), and we can think 
in Iso(5, [Fi], [F 2 ]) as a manifold. 

Let us see that we can characterize all the conformal maps of a conformastation- 
ary spacetime in terms of almost isometries of Fermat metrics. 

Theorem 4.3. Let ip : (M,g) — > (M,g) be a conformal map of a conformastation- 
ary spacetime (M,g). Let K 6 CTF(M, g) and denote W — ip*{K). Then using 
arbitrary conformastationary decompositions of K and W , the map 

ip:(Sx R,g K ) -> (S x R,g w ) 

is given by ip(x,t) = (cp(x),t + f(x)), where ip : (S,F K ) — > (S,F W ) is an almost 
isometry. 

Proof. First of all, observe that ip*(K) £ CTF(M, g), because conformal maps pre- 
serve causality and a diffeomorphism preserves completeness of vector fields. Then 
there exist respectively K and 14^-conformastationary decompositions of (M, g) (see 
the introduction of this section). It is straightforward that xj< : (S x EL, g K ) — > 
(S x R, g w ) is given by ip(x,t) — (tp(x),t + f(x)) for certain smooth functions 
ip : S -> S and / : S -> JR. 

In order to see that tp is an almost isometry, observe that conformal maps preserve 
lightlike pregeodesics (see for instance [2, Lemma 9.17]) and as the projection of 
lightlike geodesies are Fermat pregeodesics (see [10, Theorem 4.5]), it follows that ip 
maps Fermat geodesies of (5, F K ) into Fermat pregeodesics of (S, F w ). Moreover, 
a geodesic 7 : [0, 1] — > S of the Fermat metric F K satisfies that 

i F w {ip o 7 ) = l FK ( 7 ) + f(p(j(l))) - f(p(j(0))) 

(use again that the length of the Fermat geodesic is given by the difference of the 
time component at the endpoints, see [10, Theorem 4.5]). The above equation 
together with (11) implies that 

for any geodesic 7 of (S,F K ), and then that ip*(F K )(v) = F w (v) —df(v) for every 
v G TS. Proposition 3.2 yields that ip is an almost isometry. □ 

This result allows us to describe the conformal group of the conformastationary 
spacetime as we will see later. 

4.1. A'-conformal maps. In this subsection we will fix K £ CTF(M, g) and we 
will study a relevant class of transformations, namely, those that preserve the con- 
formal observer determined by K . We will also fix a JsT-conformastationary decom- 
position (S x R, g K ) and we will remove the K's in the expressions of (13) and 
(14). 

Definition 4.4. We say that a diffeomorphism ip : (M, g) — > (M, g) is K -stationary 
if it preserves the conformal vector field K, namely, ip*(K) = K. Moreover, we say 
that it is K-conformal if it is if -stationary and conformal. 
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Observe that when g(K,K) = — 1, that is, the conformastationary spacetime 
is a normalized stantard stationary spacetime, or more generally when g(K,K) is 
constant, then every iT-conformal map is an isometry of g. 

Corollary 4.5. Let i/):SxR->SxE6ea K-conformal map of the conformasta- 
tionary spacetime. Then there exist functions ip : S — > S and f : S — ¥ R such that 
ip(x,t) = Up(x),t + f(x)j and <p is an almost isometry for the Fermat metric F of 
(S x R, g) with f satisfying (3) for dp. Moreover, ip is a Riemannian isometry for 
the metric in S given by 

h(v,v) = g (v, v) + u(v) 2 (15) 

for v € TS. 

Proof. It follows immediately from Theorem 4.3 and Proposition 3.4. □ 

Let us denote by Conffi:(M, g) the subset of the Lie group of conformal maps 
Conf(M,<?) consisting of iT-conformal maps. 

Lemma 4.6. Conf if (M, g) is a C 1 -closed subgroup o/Conf (M, g); in Conf k (M , g) , 
all the C k -topologies coincide^ for k — 0, 1, ... , +oo. Moreover, the one-parameter 
subgroup K generated by the flow of K is closed and normal in Confff (M, g). 

Proof. Let us show that all C fc -topologies coincide in Confj<-(M, g). Let g R be the 
Riemannian metric in M given as 

g R (v,w) = g{v,w) - 2 — 

g(K, K) 

for any v,w € TM. Then Con£ K (M,g) C Coni(M,g R ). Observe that Conf (M,g R ) 
is contained in the isometry group of a Riemannian metric h or it is the conformal 
group of the round sphere or of the Euclidean space R" (see [18]). In the three 
cases, the assertion about the equivalence of the C fe -topologies, for k = 0, 1, . . . , oo 
is true and it is inherited by Conf^ (M, g). 

Closedness in the (^-topology is obvious from the very definition, since the iden- 
tity tl>*(K) = K involves only the first differential of ip, see Definition 4.4. Let 
%j) 6 Conf k (M, g) be given by ip(x, t) — (<j)(x), t + f(x)) for some smooth / : M — > R 
and 4> € Iso(S', F). Then, its inverse is given by 

i/>-\x,t) = (<t>-\x),t-f(<l>- 1 (x))) 

Now, let K T : M -> M be the time T of the flow of K, i.e., K T (x, t) = (x,t + T). 
It is easy to see that ip o K T o = K T . Thus JC is normal in Conf^ (M, g). 

Let us finally show that K, is closed. Take a sequence {f n }ne^ m converging 
to ip € Conf ^ (M, g) such that ip n — K T ™ . Then the sequence {T n } n6 fj must be 
bounded, otherwise tp n would not have pointwise convergence. Therefore there 
exists a subsequence such that T Uk — > T £ R and ip = K T . □ 

Proposition 4.7. Let M = S x R be endowed with the conformastationary Lorentz 
metric (13), set K = dt and let F denote the Fermat metric on S given in (14). 
The map ir : Confx(M,g) — ► Iso(5, F) defined as ir(ip) — <~p (see Corollary 4-5) is 
a Lie group homomorphism. Moreover, tt can be projected to the quotient 

7f : Coni K {M,g)/K -> l7o{S,F) 



It is not clear to the authors whether the same statement, i.e., coincidence of all C fc -topologies, 
holds in the whole set Conf(Af, g). 
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and gives an isomorphism of Lie groups. 

Proof. The only thing that does not follow immediately from Corollary 4.5 is that 
7f is one-to-one, i.e., that K. is the kernel of the map 7r and ir is surjective. Let 
us show that ff is injective. Assume that there exist two _ftT-conformal maps ip\ 
and ip2 projecting to the same almost isometry ip. Then, by Proposition 3.2, there 
exists a smooth / : S — > R such that <p*(F) = F — df and, from Corollary 4.5, 
ipi(x,t) = {<p(x),t + f{x) + ci) and ip2(x,t) = {<p(x),t + f(x) + c 2 ). Therefore 
ip^ 1 ° V'l £ an( i [V'i] — [V'a]- Finally, we will see that it is surjective. Given 
an almost isometry p, choose a function / : S — » R as in Proposition 2.8 and 
construct the map ^ : 5xE-> SxRas ip(x, t) — (<p(x), t + f(x)), which preserves 
K. By the Fermat principle [10, Theorem 4.5], ip maps lightlike pregeodesics to 
lightlike pregeodesics. This means that it preserves the lightlike cone and then it 
is conformal (see [14] or [27]). 

Finally observe that as ir is a continuous homomorphism of Lie groups, it is 
differentiable and the same thing happens with 7f (see for instance [17, Corollary 
1.10.9 and Proposition 1.11.8]). □ 

Corollary 4.8. Given a manifold S, for a generic (see Remark 4-9 below) set of 
data (go,uj), the conformastationary metric g = g(go, given in (13) on M = S*xR 
has discrete K -conformal group Conf^- (M, g)/IC. 

Proof. Given (go,uj), denote by h the Riemannian metric on S given in (15). By 
Proposition 4.7, Coni K (M , g) / K. ^ Iso(5,F), with F = Vh+uj, see (14). By Corol- 
lary 3.4, Iso(iS, F) C Iso(S, h), thus Confif (M, g)/K, is discrete if the Riemannian 
isometry group Iso(S', h) is discrete. It is well known, see for instance [40] for the 
compact case, that, for a C 2,Q -generic set of Riemannian metrics h, the isometry 
group 180(5*, h) is discrete. On the other hand, the map (go, uS) t-th=go + uJ l g)Ui 
is clearly continuous (in the C°-topology, for instance), open and surjective. In 
particular, the inverse image of a dense G$ is a dense Gg. Hence, Conf^ (M,g)/K. 
is discrete for a generic set of pairs (g ,uj). □ 

Remark 4.9. Recall that a subset of a metric space is generic if it contains a 
dense Gs, i.e., a countable intersection of dense open subsets. Here, genericity 
is meant in the space Riem 2 ' Q (S') x T 2 ' a (TS*), where Riem 2 '"^) is the set of 
Riemannian metric tensors of class C 2,a on S, and r 2,Q (TS'*) is the space of 1- 
differential forms on S of class C 2 ' a . For the sake of precision, when S is not 
compact, suitable asymptotic assumptions have to be taken into consideration for 
the correct definition of these spaces, however we will not get into details of this 
type of technicalities here. 

Corollary 4.10. If S is compact, then Conf/<"(5 x R, g)/JC and Iso^,.? 1 ) are com- 
pact Lie groups. 

Proof. Observe that Iso(S', F) is a closed subgroup of the compact Lie group Iso(S', h) 
(see Proposition 3.3 and Corollary 3.4) and then it is compact. Proposition 4.7 gives 
the compactness of Conf^(5' x R, g)/JC. □ 

4.2. Characterization of conformal maps. Given K e QT¥(M,g), denote by 
CTF^-(M, g) the subset of CTF(M, g) consisting of all timelike conformal fields W 
for which there exists a conformal map ip : (M, g) — > (M, g) satisfying ■0*(T4 7 ) = K. 
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Proposition 4.11. With the above notation 

CTF K (M,g) £- Conf(M,g)/Con£ K (M,g). 

Proof. Observe that the group Conf(M, g) acts on CF(M, g) by push-forward: 
{ip,W) ^ tp*(W). Given K e CTF(M,g), the stabilizer of K is the subgroup 
ConfR- (M , g), and the set CTF#-(M, <?) is precisely the orbit of if by this action 
and then a submanifold of the vector space CF(M, g). Therefore, one has an identi- 
fication of CTF K (M,g) with the quotient manifold Coni(M, g)/Conf K (M, g). □ 

Theorem 4.12. With the above notation, the map 

7T : Cov£(M,g)/K Conf(M,g)/Con£ K (M,g) = CTF^(M, ff ), 

defined in the natural way, is a submersion with fibers diffeomorphic to Iso(S,F). 
If Iso(S, F) is discrete, then tt is a covering map. 

Proof. It is easy to see that tt is well-defined and smooth by the universal property 
of quotient maps. It is also immediate to see that it is a submersion and the fibers 
are diffeomorphic to Conf,R-(M, g)/JC, which, by Proposition 4.7, is diffeomorphic 
to Iso(5, F). For the last claim, observe that Iso(S,F) = Conf k(M, g)/JC acts 
in Conf (M, g)/K. by composition to the right. If lso(S,F) is discrete then tt is 
a local diffeomorphism and as a consequence the action of Iso(5 l , F) is properly 
discontinuous, which implies that tt is a covering. □ 

Corollary 4.13. Assume that S is compact. Then Conf(M, g)/K, is compact if 
and only if CTF^-(M, g) is compact. 

Proof. It follows from Theorem 4.12 taking into account that if S is compact, then 
Iso(S l , F) is also compact and the total space of a submersion with compact fibers 
is compact if and only if the base is compact. □ 

Let us define 

Coni K . w {M,g) = € Conf(M, 5 ) : ^(W) = K}, 

which can be identified with Conf k(M, g) by fixing one element of ConiK,w(M, g). 

Theorem 4.14. Choose Fx £ i(K) and F 2 G i(W). Then every map ip € 
Cord \y (M , g) can be expressed as ijj{x,t) = (tp(x),t + f(x)), where ip : (S,Fi) — > 
(S, F2) is an almost isometry and f : S — > Pt satisfies (3). Moreover, there 
is a smooth surjective map tt : Conf ^^(-^7 #) — ^ iso(S,i(K),i(W)) defined as 
7r(-0) = ip and if ^(ipi) = 77(^2), then ipi = ip% T c , for some c€E, where T c G /C. 

Proof. The proof follows easily using Theorem 4.3 taking into account Lemma 4.2 
and arguing as in Proposition 4.7. □ 
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